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Abstract This article starts in Part I with a simple example of two biochemical
reaction networks that are indistinguishable at the macroscopic level but are different
at the molecular level and are shown to have significantly different kinetic properties.
So, if one completely ignores the fact that reactions advance in discrete steps at the
molecular level, then one can fail to distinguish between networks with widely dif-
ferent kinetics. In part II biochemical reaction networks are treated in a general way
to discover what property of a network, only seen at the molecular level, affects its
kinetics. It is shown that every such network has a unique torsion group, which can be
described numerically and readily determined by a programmable computation. If the
group is found to be the singleton {0} (as is most often the case in practice), then the
network is said to be torsion-free and its kinetic properties unaffected by ignoring its
discrete character. A chemical reaction network has to be represented algebraically to
calculate its torsion group. If the network is to be understood only at the macroscopic
level, it can be placed in the context of real vector spaces, but to recognize its discrete
character and its torsion group, each vector space is replaced by a discrete subset of
that space, where each molecule can be recognized as a distinct and indivisible entity.
Next, the process of calculating a torsion group is shown in several cases, including
the example in part I. In this particular case it is shown to have the torsion group with 2
elements, reflecting the fact that the substrate molecules become product molecules 2
at a time, with the result that the overall macroscopic reaction is R�T, whereas at the
molecular level it is 2R�2T. In general, however, the torsion group of a biochemical
reaction network can be any finite additive group, which is a property of the network
that can only be seen at the molecular level. Finally, this fact is demonstrated by

P. H. Sellers (B)
The Rockefeller University, 1230 York Avenue, New York, NY 10065, USA
e-mail: sellers@mail.rockefeller.edu

123



1288 J Math Chem (2010) 47:1287–1302

showing how to construct a hypothetical, but plausible, biochemical reaction network
that has any given finite additive group as its torsion group.

1 PART I

1.1 A sample biochemical reaction network

The purpose of Part I is to use a hypothetical biochemical reaction network that exhib-
its torsion to demonstrate the importance of that concept in chemical kinetics, before
proceeding to Part II, where an algebraic method is given to determine the unique
torsion coefficients that characterize the torsion of any reaction network. In the case
of an explicitly given network the said method reduces to a program using matrix
operations to determine the numerical values of its torsion coefficients.

The example that follows involves two versions of an enzyme-catalyzed biochem-
ical reaction network that are indistinguishable at the macroscopic level but have
significantly different kinetics.

1.2 Reaction rates

At the macroscopic level our example is as follows:

R+ ES� ESS �ES+ T

The substrate R and the product T consist of small molecules of the same species in
compartments that are separated by a membrane, and the two intermediates ES and
ESS are large molecules embedded in the membrane. There are two elementary colli-
sion processes that are described above by balanced macroscopic chemical equations.
By virtue of chemical balance it is obvious that the letter S represents a fragment of
each intermediate that has the same empirical formula as both R and T. At the molec-
ular level this example is capable of two interpretations, which will be seen to have
significantly different kinetic properties.

Let ES1 and ES2 denote separate molecules of the same species, then the two
following cases differ only at the molecular level.

Case 1

R+ ES1�ES2S1�ES1 + T

Case 2

R+ ES1 � ES2S1�ES2 + T

R+ ES2 � ES1S2�ES1 + T

In Case 1 the molecule ES1 is an ordinary catalyst, whereas in Case 2. a pair of distinct
molecules, ES1 and ES2, of the same species are needed to catalyze 2R �2T at the
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molecular level. To show to what extent they differ kinetically, it is necessary place
them in a physical context. So, let us make the following assumptions:

(1) Assume that the reaction R�T takes place on a membrane that separates mole-
cules of the same species into an R-pool and a T-pool at different concentrations,
whose values –say in moles per liter– are held constant at r and t, respectively.

(2) Assume that the whole system is maintained at constant temperature and pressure
with R�T in a steady-state, so that its net rate of advancement is constant.

(3) A constant finite total number n of molecules of ES and ESS are fixed on the
membrane. Let e and f denote the numbers of molecules of ES and ESS, respec-
tively, so that n = e + f.

(4) The reactions are governed by the Law of Mass action, where k and k′ are the rate
constants applicable to each of the reactions R+ ES�ESS and T+ ES�ESS.

In other words, their forward rates (left-to right) are ker and ket, and their reverse
rates (right-to-left) are both k′f. This law holds at the macroscopic level, where
e and f are expressible as functions of the 5 given parameters r, t, k, k′ and n.

With this information the net steady-state rate u will be shown to be equal in both
cases to the same function of the 5 given parameters. However, suppose u is separated
as follows into unidirectional rates:

u = u+ − u−1

Here, u+ is the rate at which R-molecules become T-molecules, and it is less than
ker, because some molecules of R go back to the R-pool without reaching the T-pool.
Likewise, u− is the rate at which T-molecules become R-molecules, and it is less than
ket, because some molecules of T go back to the T-pool without reaching the R-pool.

Show that the unidirectional rates differ in cases 1 and 2, and that u+ takes the
following values in cases 1 and 2, respectively:

1/2 [ker] and 1/2 [ker] [r/ (r+ t)]

That is, the second case has a unidirectional rate u+ which is smaller than that of the
first case by a factor of r/(r+t). Similarly, u− takes the following values in cases 1 and
2, respectively:

1/2 [ket] and 1/2 [ket] [t/ (r+ t)]

In other words, the second case has a unidirectional rate u− which is smaller than that
of the first case by a factor of t/(r+t).

Thus it is seen that the two cases can be told apart by their unidirectional rates, even
though their net rates and their intermediate concentrations can be seen to be equal in
the two cases.
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u+ − u− = (1/2) ke (r− t)

e = [
2 k′n

]
/
[
k (r+ t)+ 2k′

]

f = n− e

1.2.1 Rate computation in case 1

Expression (1) gives symbols for the forward and reverse rates of each of the four
elementary reactions in Case 1. If a letter has the same subscript on two sides of a
reaction, then it refers, not only to the same species, but the same molecule.

R+ ES1
w→ES1S2

v→ES1 + T
(1)

R+ ES1
v←ES1S2

x←ES1 + T

Each will be expressed in terms of the parameters n, r, t, k and k′, which were
introduced under assumptions (i) through (iv) to define the chemical kinetic context,
where the parameters can be any positive real numbers. The system is in equilibrium
if, r = s.

From assumptions (i.) through (iv.) we have the following equation:

n = e+ f

where e and f are the numbers of molecules of ES2 and ES2S1, respectively, and also:

w = ker v = k′f x = ket

The net rate of advancement u of the reaction –R + T is as follows:

u = w− v = v− x = ker − k′f = k′f − ket

Solve the last row for e and u:

e = [
2k′n

]
/
[
k (r+ t)+ 2k′

]

u = (1/2) (ke) (r− t)

The unidirectional rate u+ at which molecules go from the R-pool to the T-pool
excludes those which return to R. Of the molecules leaving the R-pool at rate w half
return and the others reach the T–pool.

u+ = (1/2) w = (1/2) ker

Similarly we get the unidirectional rate u− from the T-pool to the R-pool.

u− = (1/2) x = (1/2) ket
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1.2.2 Rate computation in case 2

Expression (2) gives symbols for the forward and reverse rates for each of the eight
elementary reactions in Case 2.

R1 + ES2
w→ ES1S2

v→ ES1 + T2

R1 + ES2
v← ES1S2

x← ES1 + T2
(2)

T1 + ES2
x→ ES2S1

v→ES1 + R2

T1 + ES2
v← ES2S1

w← ES1 + R2

The unidirectional rate u+, at which R-molecules become T-molecules, will be com-
puted by considering all paths in (2), starting at R1, following the arrows through any
sequence of intermediates containing S1, and ending at T1. For each path the rate at
which molecules take that path from R1 to T1 is computed. The sum of all these rates
is 1/ 2(u+), because every molecule R1 that becomes T1 is matched by a molecule R2
that becomes T2.

The shortest path, as defined above, from R1 to T1 takes 4 steps via ES1S2, ES1
and ES2S1. Let this path be denoted by PQ, where P goes from R1 to ES1 and Q goes
from ES1 to T1, each in 2 steps.

Of the R1 molecules combining with ES2 to form ES1S2 at rate w only 1/2 of them
go on from ES1S2 to ES1, of which only the fraction r/(r + s) of them go from ES1
to ES1S2,and of those only 1/2 of them go on to T1. Therefore, the rate at which
R1-molecules become T1 molecules over path PQ is as follows:

w (1/2) (r/ (r+ t)) (1/2)

Next, determine the rate at which R1-molecules become T1- molecules in 6 steps. This
happens over 2 paths, PMQ and PNQ, where M is the two-step path, ES1 to ES2S1 and
ES2S1 to ES1, and, similarly, N is the 2-step path, ES1 to ES1S2 and ES1S2 to ES1.
The rate of molecules over path M is reduced by a factor of (1/2)(r/(r+ t)) and over
path N by a factor of (1/2)(t/(r+ t)). Therefore, the rate that R1-molecules become
T1-molecules over path PMQ + PNQ, which may be written as P(M + N)Q, is as
follows:

w (1/2) [(r/ (2r+ 2t))+ (t/ (2r+ 2t))] (r/ (r+ t)) (1/2) = (w/4)
[

1/2
]
(r/ (r+ t))

Every path is of the form PMmNnQ for all pairs (m,n) of non-negative integers. Accord-
ingly, all paths can be expressed as follows:

PQ + P (M+N) Q+P (M+N)2 Q+P (M+N)3 Q+ · · ·
= P

[
1+ (M+N)+ (M+N)2 + (M+N)3 + · · ·

]
Q
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Therefore the rate that R1-molecules become T1-molecules over all paths is as
follows:

(w/4)
[
1+ (1/2)+ (1/2)

2 + (1/2)
3 + . . .

]
(r/ (r+t)) = (w/2) (r/ (r+ t))

This is 1/ 2 of the unidirectional rate u+, but w is 1/2 the rate ker that molecules of type
either R1 or R2 are entering. Therefore,

u+ = (1/2) ker (r/ (r+ t))

and by symmetry

u− = (1/2) ket (t/ (r+ t)) .

Hence the net rate of R to T is

u = u+ − u− = (1/2) ke (r− t).

This completes the demonstration that a chemical reaction network has a characteris-
tic at the molecular level that affects its kinetics, which will be described in algebraic
terms in Part II as its torsion group.

2 PART II

2.1 Discrete additive groups

Aspects of the study of biochemical reaction networks that require some familiarity
with discrete additive groups have been deferred to this part. It will be shown that pairs
of integer matrices with product zero can be used to specify and examine explicitly
given biochemical reaction networks one at a time, but, to examine the properties of
such networks in general, the pairs of integer matrices will be replaced by pairs of
linear transformations from one discrete subgroup of a real vector space to another,
where the composition of each pair of transformations is the zero function. This alge-
braic structure is known as a 2-dimensional chain complex. The discrete subgroups
of vector spaces are not themselves vector spaces but technically known as finitely
generated free additive (or Abelian) groups.

The idea of using a chain complexes to describe network-like structures is not
new. For instance, an n-dimensional chain complex, which is a sequence of n linear
transformations such that the product of every successive pair is zero, has been used
to describe the networklike structure of an n-dimensional polyhedron embedded in a
(2n+1)-dimensional Euclidean space as in Pontryagin [1]. A graph from this point of
view is a 1-dimensional chain complex that can be used to describe the combinatorial
structure of a 1-dimensional polyhedron (a set of line segments that meet only at cer-
tain of their end-points) embedded in 3-space. Higher dimensional chain complexes
have been used to characterize networks of instructions as in computer science [2].
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In algebra and topology the use of chain complexes and their homology groups is
well established, but in applied mathematics, especially in the study of networks, they
have been largely overlooked. M. E. J. Newman has written a review [3] of the ways
networks have been treated mathematically and concludes, “We do not yet, as we do
in some other fields, have a systematic program for characterizing network structure.”
The present article may be seen as a step in the direction that Newman had in mind,
based on the idea of putting networks in the context of finitely generated additive
groups. This mathematical context is well covered in a self-contained chapter VI that
was added to later editions of a book by W. Lederman [4]. It includes the classification
of all finite additive groups, which will be relevant here.

The absence of an accepted way to characterize networks in general has also been
observed in the context of chemical reaction networks. D. Angeli and E. O. Sontag [5]
have written that, “ … a unified theory encompassing networks of arbitrary topology
as well as reactions with arbitrary kinetics is presently not available.” Such a theory
is introduced here. It is to be expressed in algebraic language, which requires a brief
comment on how the words “topology” and “kinetics” must be understood in this
context.

2.1.1 Topology

It cannot be assumed that the word topology, as used in the above quotation, is a unique
attribute of a given chemical reaction network. From a mathematical point of view
one is bound to assume that a network can be modeled by many different topological
spaces, each of which can bring with it some extraneous network property that does
not hold in general. Accordingly, what is needed is some common property of all topo-
logical models of any given network. Such a property is the homology group of the
network, which is unique to the network and can be found by readily programmable
matrix operations. Algebraically the homology group of a chemical reaction network
is described by a finitely generated additive group, based on a formal mathematical
definition of a network.

2.1.2 Kinetics

It has been shown in Part I that the kinetics of a chemical reaction network cannot
be determined in general without taking into consideration the fact that chemical pro-
cesses advance in discrete steps at the molecular level. Therefore, chemical kinetics,
as studied here, will be confined to discrete subsets of real vector spaces. Every such
subset is generated by the additive operations of vector analysis, but scalar multipli-
cation by real numbers other than integers is not a permissible operation. This change
in the familiar rules of chemical kinetics is required by the example in Part I, case 2,
to place it in a suitable mathematical context. In that case there is no chemical mech-
anism at the molecular level that could change one R-molecule into a T-molecule. So
the chemical equation 2R �2T is valid, but R�T is not.

Starting with the kind of information that is the focus of molecular biology and
describing biochemical systems at the molecular level, one can construct the stoichi-
ometric matrix and the empirical formula matrix, which together define a biochemical
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reaction network at that level. The chemical principles that are inherent in this
definition are as follows:

(1) Stoichiometry: There is an (e × m) stoichiometric matrix that has one row for
each of the network’s e elementary collision processes and one column for each
of the network’s m molecules. Each row is made up of the coefficients in the
chemical equation that describes the collision process of that row with negative
integers for reactants and positive integers for products. In other words, if R
�S is the conventional chemical reaction equation for an elementary collision
process, where R and S are linear combinations of molecules with positive coef-
ficients, then−R+ S will be called a reaction and its coefficients are the entries
in the row of the stoichiometric matrix corresponding to the collision process in
question.

(2) Empirical Formulas: There is an (m× a) empirical formula matrix that has one
row for each of the network’s m molecules and one column for each of the net-
work’s a atoms (or stable radicals). Each row is made up of the integers that
appear as subscripts in the traditional empirical formula. To be consistent with
algebraic practice, it will be necessary here to express every empirical formula
as a linear combination of atoms (or stable radicals) with non-negative integer
coefficients.

(3) Balance: Chemical reactions are balanced, which means in algebraic language
that the product of the matrices in (1) and (2) equals zero, that is, the (e × a)
matrix of zeros.

The two integer matrices used to define a particular biochemical reaction network at
the molecular level can be replaced by linear transformations, which allow the general
properties of any such network to be studied. The stoichiometric matrix is replaced by
the function �2 of the set of all elementary collision processes in the network, such
that for each such process E the reaction it produces is given by �2(E), which is an
integral linear combination of molecules. Similarly, the empirical formula matrix is
replaced by the function �1 of the set of all molecules in the network, such that for
each such molecule M its empirical formula is given by �1(M), which is an integral
linear combination of atoms or stable radicals. These two functions extend uniquely
the following linear functions, whose composition is zero:

E
�2→ M

�1→ A

The symbols E, M and A in bold print are the sets of every integral linear combination
E of elementary collision processes, every integral linear combination M of molecules,
and every integral linear combination A of atoms or stable radicals, respectively, in
the network. These three domains are discrete subgroups of real vector spaces and are
distinct from one another. The emphasis on distinctness is to avoid confusion between
a collision process and the reaction it produces and between a molecule and its empiri-
cal formula. If the elements of the domains had been defined with real coefficients, as a
chemical kineticist might have done, then these domains would have been real vector
spaces and would have represented the macroscopic view of the network. However, if
they are defined, as here, using integers rather than real numbers, as coefficients, then
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they are correctly described as finitely generated free additive groups and represent the
network at the molecular level. In the additive group context their two transformations
are correctly described as homomorphisms. These mathematical terms are consistent
with the discrete nature of chemical processes and make mathematical sense of the
accepted use of the + sign in chemical reactions.

A simple example is presented next to clarify, how �2 and �1 are related to the
stoichiometric matrix and the empirical formula matrix.

2.2 A simple example

Suppose we have a biochemical reaction network with E1, E2, E3 as its elementary
collision processes, involving three small molecules A, B, AB and three large interme-
diates E, EA, EAB. In addition, let us denote by [E], [A], [B] all the stable radicals that
appear in the empirical formulas of the above six molecules. Then, instead of defining
the network by two matrices, let us use the two functions �1 and �2 such that �1
assigns to each molecule its empirical formula, written in additive notation, and �2
assigns to each collision process the reaction it produces. The network is characterized
explicitly as follows:

�1 (A) = [A] �1 (E) = [E] �2 (E1) = −E − A + EA
�1 (B) = [B] �1 (EA) = [E]+ [A] �2 (E2) = −EA − B+ EAB
�1 (AB) = [A]+ [B] �1 (EAB) = [E]+ [A]+ [B] �2 (E3) = −E− AB + EAB

Notice that the reactions in the last column are written in transposed form, thus arbi-
trarily assigning a positive direction to each of the three elementary collision processes
in the network.

Every possible mechanism M in this network is an integral linear combination of
elementary collision processes expressible as follows:

M = m1E1 +m2E2 +m3E3

The reaction produced by M is as follows:

�2 (M) = m1�2 (E1)+m2�2 (E2)+ m3�2 (E3)

= m1 (−E − A + EA)+m2 (−EA − B

+ EAB)+m3 (−E− AB+ EAB)

= −m1A −m2B−m3AB− (m1 +m3) E

+ (m1 −m2) EA+ (m2 +m3) EAB

The above equation is as follows in matrix notation:

(m1, m2, m3) (−1 0 0 −1 1 0) = (−m1,−m2,−m3, (−m1 −m3) , (m1 −m2) ,

(m2 +m3))

(0 −1 0 0 −1 1)

(0 0 −1 −1 0 1)
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The (3 × 6) matrix in the above matrix equation is the stoichiometric matrix of the
network. The empirical formula matrix is found similarly by applying �1 to any linear
combination of molecules:

�1 (n1A+ n2B+ n3AB+ n4E+ n5EA+ n6EAB)

= n1 [A]+ n2 [B]+ n3 ([A]+ [B])+ n4 [E]+ n5 ([E]+ [A])+ n6 ([E]

+ [A]+ [B])

= (n1 + n3 + n5 + n6) [A]+ (n2 + n3 + n6) [B]+ (n4 + n5 + n6) [E]

The above equation is as follows in matrix notation:

(n1, n2, n3, n4, n5, n6) (1 0 0)=((n1 + n3 + n5 + n6), (n2 + n3 + n6), (n4 + n5 + n6))

(0 1 0)

(1 1 0)

(0 0 1)

(1 0 1)

(1 1 1)

The (6 × 3) matrix in the above matrix equation is the empirical formula matrix of
the network.

The equivalence of defining a network either in matrix language or the language of
additive groups is apparent. The matrix notation is useful when studying the properties
of a single network rather than networks in general. Therefore, before turning to the
general question of torsion, it must be acknowledged that in kinetic studies torsion very
often has negligible effects or can be ignored completely. Therefore, when studying
a particular network, one would like to know in advance whether the network is tor-
sion-free and have no further concern about the effects of torsion in the network under
consideration. The matter can be settled by using elementary row operations on the
stoichiometric matrix to put it in row echelon form. Then, if the first non-zero entry in
every row is +1 or −1, the network is torsion-free and not subject to the precautions
that are the principal concern of this article. Notice that the (3 × 6) stoichiometric
matrix above is in row echelon form already with −1 in the first non-zero position in
every row, so it is torsion-free.

2.3 Torsion

Returning to the general definition in Sect. 2.1 of a biochemical reaction network, as
described by the 2-dimensional chain complex

E
�2→ M

�1→ A

Let us define the unique finite torsion group associated with this network. If the net-
work is defined at the macroscopic level, its torsion group will be {0}, but at the
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molecular level it could be any finite additive group. What this means from a chemical
point of view is that there can be a chemical equation of the form

kM1�kM2

with k an integer greater than 1, which is valid and remains valid only if k is replaced
by an integral multiple of k, while the equation

M1�M2

is not valid, in the sense that no chemical mechanism in E produces this second equa-
tion.

In algebraic language these two equations are stated as follows:

(kM1 − kM2) ε im�2 and (M1 − M2) ε (ker�1 − im�2)

where im�2 is the set of all possible reactions, which is a subset of ker�1 that includes
all balanced elements of M whether or not they are reactions. It is by looking at the set
of balanced elements that are not reactions in a given network that we measure how
much the molecular view of the network differs from the less discerning macroscopic
view. They are characterized algebraically by the factor group

ker�1/im�2.

Additive groups of this kind are discussed in reference [4]. What is important in the
present context is that a factor group differs from all the additive groups considered
so far in the fact that it can have finite subgroups other than {0}.

An additive group is said to be free if it contains no finite subgroup other than {0}.
All real vector spaces and their subgroups are free. Factoring one vector space by
another also produces a free group. The groups E, M and A are free by definition and
all their subgroups are free, including the set im�2 of all reactions in M and the set
ker�1 of all balanced elements of M. These groups, which have been used to define a
biochemical reaction network at the molecular level, differ from vector spaces in that
their factor groups are not necessarily free. Accordingly, the above factor group can
contain a non-zero finite subgroup, which, if it exists in a given network, distinguishes
it from the many commonly occurring networks whose kinetic properties are the same
from the macroscopic or molecular viewpoint. The largest finite subgroup of the above
factor group is the torsion group of the network.

A network whose torsion group is {0} is said to be torsion-free. Otherwise it is one
of the exceptional networks that are the entire focus of this article.

Since the torsion group of a network can be calculated by a programmable proce-
dure, based on information at the molecular level, as developed in molecular biology,
the theory of finitely additive groups [4] has a relevance to programmers and others
concerned with implementing discoveries in molecular biology.
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2.4 Minimal subnetworks

Having seen that any biochemical reaction network, as described by complex (1), has
a unique torsion group T, it remains to be shown, conversely, that for any finite addi-
tive group T there is a biochemically plausible reaction network with T as its torsion
group. Let us begin by showing that for any network (1)

E
�2→M

�1→A (1)

with T as its torsion group, there is a subnetwork

D
�2→M

�2→ im �1 (2)

with the same torsion group, which is minimal in the sense that �2 is restricted to
a minimal subgroup D of E, such that im�2 and ker�1 are the same, respectively,
in complex (2) as in complex (1). Consequently, in looking for a complex with any
specified torsion group T, we shall only need to consider minimal subnetworks.

It is obvious that complexes (1) and (2) have the same ker�1. They will also have
the same im�2 if D is constructed as follows:

Since M is a free additive group, its subgroup im�2 is free. Therefore, E/ker�2 is
also free, because it is isomorphic to im�2. Let

{(e1 + ker�2), (e2 + ker�2), . . .}

be a basis for E/ker�2, and define D as the subgroup of E whose basis is

{e1, e2, . . .}.

In complex (2) the function �2 is one-to-one, and so D is the smallest subgroup of E
such that the groups ker�1, im�2 and the homology group ker�1/im�2 are the same
in complexes (1) and (2). So the torsion groups are the same in both cases.

The minimal subnetworks of a given network play a role in the theory of higher
dimensional networks that is analogous to the role of trees in a graph. To be more
precise, the minimal subnetworks of a given graph are the ways that one or more trees
can span the graph – spanning forests, so to speak. Their role in chemistry was rec-
ognized by Milner [8], and it was sufficiently important that an algorithm [6,7,9,10]
was introduced and a program written to list all the minimal subnetworks, as defined
above, in a given network of any dimension. The application to chemistry hinges on
the fact that every reaction in a minimal subnetwork has a unique mechanism, just as
in a tree every two vertices are connected by a unique succession of linked edges. Con-
versely, every mechanism so constructed belongs to a unique minimal subnetwork and
therefore has a unique torsion group. Such a mechanism is characterized by the fact
that its elementary collision processes have linearly independent reactions, and it has
been described by Milner [8] as a direct mechanism. This terminology may come from
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the fact that in a graph-theoretic network direct mechanisms reduce to direct (non-
self-intersecting) paths from one vertex to another, but in 2-dimensional biochemical
reaction networks there is no such simple way to model direct mechanisms. However,
a complete list of the direct mechanisms in a given higher dimensional network can
be listed by computer, and, using the method described here, they can be classified
according to their torsion groups by a programmable procedure.

2.5 Examples of torsion

In this section we consider some hypothetical biochemical reaction networks whose
torsion groups reflect the fact that any finite additive group can be the torsion group of
some plausible network. Every example will contain the reaction−R+T described as
the overall reaction, and Examples 1, 2 and 3, when viewed at the macroscopic level,
will involve the two elementary reactions −R−E +ES and −ES+E+T, whose
chemical equations are written traditionally in the form (3).

R+ E�ES�E+ T (3)

The examples are based on alternative ways in which these reactions can be under-
stood at the molecular level. R and T will be described as the terminal species and all
other species as intermediates.

Since all equations are assumed to be balanced, R and T are isomers. For simplicity,
let us assume that R and T are of the same species, but held in distinct pools, sepa-
rated by a membrane and held at constant concentrations—say in moles per liter. The
membrane is an intermediate region, where a molecule of R or T can enter by com-
bining with an intermediate E to produce another intermediate ES, and the process is
reversible. The examples that follow will illustrate different ways these processes can
be implemented at the molecular level. With every example it is assumed that there are
two reversible elementary collision processes whose macroscopic chemical equations
are of the form (3), but whose equations will differ from these at the molecular level,
where it is possible to distinguish between two molecules of the same species in the
same region. In Example 1 the torsion group will be {0}, which means the network is
torsion-free.

Example 1 Prove that a biochemical reaction network, represented by chain complex
(1), is torsion-free, if it is defined as follows:

{U, V}, {R, E, ES, T}, {E0, S0} are the sets of basis elements for the free additive
groups E, M, A in (1), respectively, with �2 and �1 defined thus:

�2 (U) = −E− R+ ES �1 (R) = S0 �1 (ES) = E0 + S0
�2 (V) = −ES+ E+ T �1 (E) = E0 �1 (T) = S0

A basis for im�2 is {–E–R+ ES, –ES+ E+ T}. By doing appropriate row operations
on the (4 × 2) empirical formula matrix that defines �1, the same basis is found for
ker�1.Therefore, the factor group im�2/ker�1 is {0}. So the network is torsion-free.
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Example 2 In Example1 replace E by ES:

R+ ES� ESS �ES+ T (4)

The resulting expression (4) is ambiguous at the molecular level, because it has not
been specified yet whether the molecule that binds to ES in the first step remains bound
to E in the second step or becomes T in the second step. Let us resolve this by looking
at two molecules of S and labeling them S1 and S2. Then let the elementary reactions
(4) be rewritten as follows:

U2 V2

R+ ES2 � ES1S2�ES1 + T

U1 V1

R+ ES1 � ES2S1�ES2 + T

Show that the biochemical reaction network with these elementary reactions has the
cyclic group C2 of order two as its torsion group:

The network is defined by the chain complex (1), in which E, M and A are the free
additive groups whose bases are

{U1, V1, U2, V2} , {ES1, R, ES1S2, ES2, ES2S1, T } and {E0, S0},

respectively, with �2 and �1 defined thus:

�2 (U1)=−ES1 − R + ES2S1 �1 (ES1)=E0 + S0 �1 (ES2)=E0+S0
�2 (V1)=−ES2S1+ ES2 + T �1R = S0 �1 (ES2S1)= E0+2S0
�2 (U2)=−ES2 − R + ES1S2 �1 (ES1S2)=E0+ 2S0 �1 (T)=S0
�2 (V2)=−ES1S2+ ES1 + T

�1 and �2 in matrix form are as follows:

ES1 ES2S1 ES2 ES1S2 R T E0 S0
�2 (U1) ( −1 1 0 0 −1 0 ) ES1 (1 1)

�2 (V1) ( 0 −1 1 0 0 1 ) ES2S1 (1 2)

�2 (U2) ( 0 0 −1 1 −1 0 ) ES2 (1 1)

�2 (V2) ( 1 0 0 −1 0 1 ) ES1S2 (1 2)

R (0 1)

S (0 1)

These two matrices, the stoichiometric and empirical formula matrices, define a chem-
ical reaction network in terms of its given basis elements. The fact that the product of
the matrices is zero confirms that all reactions in the network are balanced.
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By elementary row operations on the stoichiometric matrix a basis for im�2 is
found to be the following:

{(−ES1 + ES2S1 − R), (−ES2S1 + ES2 + T),

(−ES2 + ES1S2 − R), (−2R + 2T)}

Likewise, from the empirical formula matrix a basis is found for ker�1 that differs
from the above only in the last entry, which becomes (−R+T). So, the factor group
ker�1/im�2 is the cyclic group of order two, and it is the torsion group of the network.

The above network is hypothetical, but the following description gives an idea of
how it might look in nature. Imagine an R-pool and a T-pool separated by a membrane,
which has one or more tubular enzymes attached to and passing through it. Each of
these passages is a structure E that allows molecules to pass through it single file in
either direction. In the present example it is assumed that the passage is short and
always contains at most two molecules and at least one. Suppose R1 and R2 are a pair
of R-molecules, then it takes at least 4 steps for them to be transformed into a pair of
S-molecules, S1 and S2. A single R-molecule, say R2, takes on the five states in the
sequence (R2, ES2S1, ES2, ES1S2, T2), ending up as T2.

The next example is based on the idea of an enzyme E shaped like a tube through
the membrane that always contains n or (n− 1) molecules of the terminal species as
they move through the membrane single file in either direction.

Example 3 The biochemical reaction network with the following 2n elementary reac-
tions has the cyclic group of order n as its torsion group.

R+ ES1. . .S(n−1) � ESnS1. . .S(n−1) � ESnS1. . .S(n − 2)+ T
R+ ESnS1. . .S(n−2) � ES(n−1)SnS1. . .S(n−2) � ES(n−1)SnS1. . .S(n−3) + T
R+ ES(n−1)SnS1. . .S(n−3) � ES(n−2). . .SnS1. . .S(n−3) � ES(n−2). . .SnS1. . .S(n−4)+T

. . . . . . . . .

R+ ES2. . .Sn � ES1. . .Sn � ES1. . .S(n−1)

This is a generalization of examples 1 and 2, in which cases n was 1and 2.

Example 4 A biochemical reaction network can be defined by putting two networks
of the type in example 3 in tandem. Let the first have 2m elementary steps that take
molecules from an R-pool to an intermediate I-pool, and let the second have 2n steps
that take molecules from the I-pool to a T-pool. The torsion group of this network is
the direct sum of the cyclic groups Cm and Cn of orders m and n.

This is demonstrated as before by applying appropriate matrix operations to stoi-
chiometric and empirical formula matrices.

2.6 Conclusion

Example 4. tells how two networks can be combined so that the torsion group of the
resulting network is the direct sum of the torsion groups of the individual networks.
Since every finite additive group is the direct sum of finitely many cyclic groups, it
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follows that a plausible biochemical reaction network can be constructed with any
desired finite additive group as its torsion group. This fact leaves us with a classifica-
tion system for biochemical reaction networks by their torsion groups. In particular if
the torsion group is {0}, as is commonly the case in practice, then the network is not
ambiguous at the macroscopic level. This case can be predicted without the need to
determine the torsion group, as noted at the end of Sect. 2.2.
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